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Abstract. We present a qualitative shape description which has previ-
ously been proven to be useful for object categorisation. The description
is based on a set of shape primitives which we will restrict to a new
subset of relations representing stylised curvature information. In con-
trast to other qualitative shape theories, this description enables us to
distinguish different convex shapes. This is especially interesting from a
cognitive point of view since these shapes show salient visual differences.
It turns out that the distinction between two sides of a line together with
the distinction between acute and obtuse angles make up a powerful con-
cept of orientation information for shapes in two dimensions.

1 Introduction

In recent years, a number of qualitative shape descriptions has been introduced.
Among other things, theories of shapes can be classified with regard to the
entities on which they are based. Schlieder, 1996, introduces a point-orientated
approach, describing polygonal shapes by triangle orientations of the polygons’
vertices. Galton & Meathrel, 1999, propose a representation of outlines by
means of strings over an alphabet of seven qualitative curvature types. A region-
orientated technique has been investigated by Cohn, 1995, who distinguishes
different concave shapes by considering the notion of the connection of regions
and their convex hulls. Different as these approaches may be, common to all of
them is their consideration of substructures in order to describe qualitative shape
properties. The first approach considers properties which are defined by the
curvature extrema of boundaries, while the other two refer to structures such as
a line segment followed by an inward pointing cusp, or a region consisting of two
connected concavities which themselves are convex. In this way, these approaches
resemble theories pertaining to shape decompositions. Shape decompositions into
parts have been mainly established in the psychological community by the work
of Biederman, 1987, and from a computer science point of view by Marr &
Nishihara, 1978. Newer theories of the kind mentioned above are more related
to the natural structure of shapes than to artificial parts such as Biederman’s
geons or Marr’s generalised cylinders, which have been devised to approximate
shapes.
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In this paper, we are emphasising methods which take into account the
boundaries of shapes. Boundaries are particularly important in performing grasp-
ing movements, and in navigating efficiently around obstacles. The former task
requires knowledge about the interface between an object’s region and its sur-
roundings, and the latter requires knowledge about the curve progression along
obstacles. Boundaries are also related to object recognition, in that visual per-
ception is particularly sensitive to discontinuities in space which arise at the
boundaries of objects. It is a perpetual problem in performing tasks such as
those mentioned above that boundaries are in general imprecisely determined.
We will demonstrate a reasonable way of coping with imprecise boundaries, in
particular by introducing a qualitative concept of curvature information.

We will concentrate on the outlines of boundaries in two dimensions, since
some interesting shape properties can already be investigated in two dimensions.
Moreover, properties which are essential to our approach have to be investigated
by considering polygons, and in addition many algorithms exist for polygonal ap-
proximations of shapes, as for instance Horng & Li, 2002. Accordingly, we shall
confine ourselves to analysing two-dimensional polygonal outlines and dealing
with the simplest extended entities, namely lines.

2 Shape and Curvature

When dealing with shapes, the question arises as to what kind of information is
particularly relevant to perceiving and describing them. We motivate one pos-
sible answer to this question from a cognitive point of view. In order to do
this, we shall make use of the correlation between vision and haptics. For in-
stance, in James et al., 2002, it is shown that the haptic exploration of novel
objects activates both the somatosensory cortex, relevant to processing haptic
information, and areas of the occipital cortex, which is associated with visual
processing. Furthermore, earlier haptic experiences of an object enhance activa-
tions in visual areas of the cortex when the same object is viewed subsequently.
Such cross-modal interactions have been investigated in several studies, and for
our purpose it is important to be aware of the close relationship between vision
and haptics, in order to appreciate the following notion of shape. The curvature
of an arbitrary shape becomes apparent when one traces its boundary with a
forefinger. The two opposite extremes of the curvature-spectrum may be consid-
ered to be a straight line and a circle, and any shape may be viewed as made up
of a mixture of different curvatures between these two extremes. On the basis of
these considerations we place great importance on curvature information.

In the field of Qualitative Spatial Reasoning, the question is how to represent
information about curvature qualitatively. When tracing a contour, we must bear
in mind that curvature is related to change in orientation. Orientation is often
considered in relation to reasoning about positions and it is worth analysing how
adequate any orientation calculus is for a qualitative shape description. Schlieder,
1996, adapted his approach to reasoning about positions in the context of robot
navigation to the description of polygons. By contrast, Cohn, 1995, and Galton
& Meathrel, 1999, describe relationships between parts. Galton & Meathrel ex-
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plicitly propose various different curvature types and give a grammar for their
combination. The parts described by Cohn concern the concavities and convex-
ities of regions which can either be connected or disconnected, and which may
themselves consist of further concave or convex regions which can be described
recursively. Curvature is treated implicitly by means of recursive descriptions
of concavities. We conclude that qualitative shape descriptions either emphasise
the characterisation of parts or orientation information, or treat both equally.

We propose an approach which is based on orientation information. But it
can also be considered as a part-based approach, in the sense that parts may
be characterised by their description of change in orientation. In this way, we
represent qualitative curvature information.

The next section introduces Tripartite Line Tracks. In the following para-
graph, the proposed set of relations is restricted to a subset of orientation re-
lations. The expressiveness of the proposed shape description is shown by com-
parison with another similar approach. Finally, we define a stylised concept of
curvature on the basis of the new relations and demonstrate how to reason about
change in curvature.

3 Tripartite Line Tracks

Gottfried, 2002, introduces a qualitative description of the two-dimensional
boundaries of polygonal shapes. This description adopts the orientation grid
from Freksa & Zimmermann, 1992, which was originally used to reason about
orientation information, to represent shape primitives. These primitives are
tracks of three lines which are described by the orientation grid, as shown in
Fig. 1. In section 3.1 we will see why three lines are particularly suitable in
order to describe two-dimensional shape primitives.
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Fig. 1. Left: The orientation grid introduced by one continuously drawn line, distin-
guishes fifteen positions (Middle); Right: A line track (AB, BC, CD) which consists of
three connected lines

In order to construct shape primitives only general positions are considered,
i.e. the six positions which do not lie on the orientation grid: 1, 3, 7, 9, 13, and
15 in Fig. 1. The other nine positions which directly lie on the orientation grid
are called singular positions. As both endpoints of one line track can be in six
different general positions, there exist 62 = 36 different relations as outlined
in Fig. 2. These line tracks are called Tripartite Line Tracks (T LT ). The i-
th relation is accessed by T LT (i). Specific T LT -subsets are distinguishable by
indices.



104 Björn Gottfried

T LT 36(1)

� ���
T LT 36(7)

����
T LT 36(13)

������
T LT 36(19)

����
��

T LT 36(25)

���
�

T LT 36(31)

� ���

T LT 36(2)

� ��
T LT 36(8)

��
T LT 36(14)

����
T LT 36(20)

����
�

T LT 36(26)

���
T LT 36(32)

� ��

T LT 36(3)

� �
T LT 36(9)

� �
T LT 36(15)

����
T LT 36(21)

����
T LT 36(27)

� �
T LT 36(33)

� �

T LT 36(4)

� �
T LT 36(10)

� �
T LT 36(16)

����
T LT 36(22)

����
T LT 36(28)

� �
T LT 36(34)

� �

T LT 36(5)

� �
T LT 36(11)

��
T LT 36(17)

����
T LT 36(23)

���
�

T LT 36(29)

��
T LT 36(35)

� �

T LT 36(6)

� ���
T LT 36(12)

����
T LT 36(18)

������
T LT 36(24)

������
T LT 36(30)

����
T LT 36(36)

� ���

Fig. 2. 36 distinguishable classes of line track arrangements with three connected lines

The orientation of a shape can be considered with respect to any global
frame of reference. The same holds for the parts of any shape. But for shape
descriptions it is sometimes useful to consider the relationships between parts
first, rather than the orientation of a single part with regard to a global frame of
reference. Therefore, it is more expedient to consider parts which are invariant
with respect to rotation and reflection. Such symmetries are primarily relevant
to the whole shape. After removing all symmetrical relations of T LT 36 there
remain twelve distinguishable arrangements, as depicted in Fig. 3. The dotted
lines outline the areas where the endpoints are allowed to lie in order to satisfy
the denoted relation.
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Fig. 3. Twelve boundary primitives distinguished by T LT 12

Fig. 4 shows the neighbourhood graph adopted from Freksa, 1992, with two
relations connected if they are only separated by one line of the orientation grid.
Two relations are neighbours if one relation can be transformed into the other by
continuously moving one endpoint to another position crossing the orientation
grid once. Gottfried, 2002, shows how to distinguish different object categories
by describing salient contour parts with the aid of T LT 12. He uses the T LT 12-
neighbourhood graph as a measure of similarity between an object-instance and
possible categories, since neighbouring relations correspond to similar shapes.
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Fig. 4. Left: the neighbourhood graph; Right: example instantiations; the numbers
refer to the T LT 12-relations

3.1 T LT 6

We will now consider a new subset of T LT -relations. By examining T LT 12
more precisely, we learn that some relations implicitly encode length information:
T LT 12(0) and T LT 12(2), for example, are only different with respect to the
length of the sideline forming an acute angle with the medial line. Consider an
arbitrary instance of T LT 12(0). By lengthening the sideline a point instant can
be found where the relation changes to T LT 12(2), that is, the corresponding
edge between the nodes 0 and 2 of the neighbourhood graph in Fig. 4 is visited.
A similar process can be applied to other T LT 12-relations, and thus we subsume
different T LT 12-relations into single T LT 6-relations as follows:

T LT 6(0) := T LT 12(0) ∨ T LT 12(2)

T LT 6(8) := T LT 12(8) ∨ T LT 12(10)

T LT 6(1) := T LT 12(1) ∨ T LT 12(5) ∨ T LT 12(7)

T LT 6(9) := T LT 12(9) ∨ T LT 12(13) ∨ T LT 12(15)

Furthermore, it holds that T LT 6(6) = T LT 12(6) and T LT 6(14) = T LT 12(14).
The relations of T LT 6 are depicted in Fig. 5. Whereas T LT 12 encodes ori-

entation as well as some length information, T LT 6 encodes only information
about orientation. It can be argued that T LT 12 also encodes only orientation
information, but with respect to the orientation grid (see Fig. 1). In a way the
concept of orientation is different for T LT 12 and T LT 6. The latter is simpler
since it only distinguishes acute angles, obtuse angles, and the two different sides
to which a sideline can point.

A great deal of work concerning shape descriptions is based on Attneave,
1954. Attneave stated that significant shape information is concentrated at those
points on a contour where its direction changes most rapidly. Attneave himself
used these contour points as vertices for polygonal shape approximations.We
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Fig. 5. Six primitives distinguished by T LT 6 arranged in a neighbourhood graph

consider not only single contour points, but two curvature extrema, to be rele-
vant together. This means, for example, that in a track of three lines two suc-
cessive acute angles, i.e. two curvature extrema, could either be on the same or
on different sides with respect to the medial line, as represented by T LT 6(1)
and T LT 6(9). Interestingly, this Same-Side property does not arise until three
connected lines are considered, and the Same-Side property cannot be reduced
to a vector of angles without considering the relationship between adjacent an-
gles. With the Same-Side property we are able to distinguish T LT 6(1) from
T LT 6(9), both made up of two acute angles but differing with respect to Same-
Side. Corresponding circumstances hold for T LT 6(0) and T LT 6(8) as well as
T LT 6(6) and T LT 6(14). Configurations of more than two adjacent curvature
extrema do not allow for more information, since no further direction exists in
the two-dimensional Euclidean plane to which our description is restricted. Such
configurations can always be distinguished by T LT 6-combinations. Otherwise,
further curvature extrema have to be considered in higher dimensions, since the
number of possible directions increases when considering further dimensions.

To summarise, tracks of three lines are described in two dimensions. The
medial line determines a local reference system, and both dimensions are taken
into account in quite a simple manner: Same-Side is a distinction in one dimen-
sion, and the dichotomy between acute and obtuse angles is a distinction in the
other perpendicular dimension. Note that the latter is related to two different
ways of changing orientation on any contour segment. Thus, T LT s represent all
possible bipartite combinations of such orientation differences, and T LT s can
be described in a way solely based on orientation information.

Though we have been considering only general positions, we are able to cope
with singular positions as well, i.e. those positions which lie on the orientation
grid (Fig. 1).

3.2 Singular Line Tracks

To be more precise, the T LT s which have been considered so far would have
been better denominated as General Tripartite Line Tracks, because we have
disregarded singular positions. Line tracks which involve singular positions as
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Fig. 6. Upper two rows: Singular Tripartite Line Tracks with one sideline in singular
position and the other in general position; Lower row: both sidelines in singular posi-
tion; ⊕ denotes what line tracks are related to each other for describing singular line
tracks

well are of special interest with respect to the boundaries of artificial objects.
That is to say, man-made objects often have perpendicular sides.

A Singular Tripartite Line Track is referred to as T LT (a-b), with one sideline
in general position and the other sideline in singular position. Thus, T LT (a-
b) refers to an edge in the T LT 6-neighbourhood graph (see Fig. 5), where a
and b are the nodes which are connected by this edge. For example, consider
the relations T LT (0) and T LT (1). They are neighbours and as such they are
separated by a singular relation which we refer to as T LT (0-1). Fig. 6 shows how
singular line tracks are related to general line tracks. Furthermore, singular line
tracks with both endpoints in singular position are related to two other singular
line tracks each with one endpoint in singular position. Singular line tracks with
the endpoints lying on the positions 2, 5, 8, 11, or 14 (see Fig. 1) correspond to
degenerated cases1. We consider only visually distinguishable lines.

3.3 Combinations of T LT 6

A closed polygon with k ≥ 3 lines is described as a vector of k T LT s, an
open polygon as a vector of k − 2 T LT s: T LT 6(i, j, ...), i, j ∈ {0, 1, 6, 8, 9, 14}.
In order to be able to treat each arbitrary polygon with k lines, and not only
those which consist of a multiple of three lines, a vector of T LT s describes
polygons in such a way that two consecutive T LT s share two lines. In this way,
there exist T LT s which are incompatible. For example, T LT 6(1) and T LT 6(6)
cannot be combined, since for a combination to be possible they would have
to share two adjacent lines, or rather one angle. But the angles of T LT 6(1)
are both acute, whereas the angles of T LT 6(6) are both obtuse. A compatible
combination consists of four lines, or rather of two entwined T LT s. Each such
combination is referred to as a Quadripartite Line Track (QLT ). All QLT s are
given in Fig. 7.

1 At least one endpoint and the medial points are rectilinear.
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The QLT s in Fig. 7 are arranged in their neighbourhood graph. This graph
allows us to reason about change in shape. Consider, for instance, T LT 6(0, 0)
and T LT 6(6, 6). The shortest possible way to transform T LT 6(0, 0) into
T LT 6(6, 6) is via T LT 6(0, 6). If special intermediate states are to be visited or
to be avoided when transforming one QLT into another, an appropriate way
can be found using the neighbourhood graph.

Fig. 7. All General Quadripartite Line Track classes (QLT ) distinguished by T LT 6

and arranged in their neighbourhood graph; one half can be mirrored at the dotted
line, thereby the medial angles switch between obtuse and acute, thus each QLT is
also neighbour of its counterpart on the other side, for example T LT 6(14, 14) is a
neighbour of T LT 6(8, 8)

Attention should be paid to those relations where one sideline crosses one of
the two medial lines when transforming a relation into its neighbouring relation.
These self-crossing relationships have been omitted, and thus this graph allows
only for non-intersecting transformations. In the complete neighbourhood graph
each symmetrical QLT , i.e. each T LT 6(i, i), i ∈ {0, 1, 6, 8, 9, 14}, has three
neighbours, and each asymmetrical QLT has five neighbours. The eight missing
relationships are as follows:

[T LT 6(0, 0) − T LT 6(0, 8)], [T LT 6(0, 8) − T LT 6(8, 8)],

[T LT 6(0, 14) − T LT 6(8, 14)], [T LT 6(0, 6) − T LT 6(6, 8)],

and on the other side of the graph,

[T LT 6(1, 1) − T LT 6(1, 9)], [T LT 6(1, 9) − T LT 6(9, 9)],

[T LT 6(1, 8) − T LT 6(8, 9)], [T LT 6(0, 1) − T LT 6(0, 9)].

For closed polygons, different T LT descriptions will be obtained depending
on where one starts to enumerate the polygon, and on whether one is tracing
the contour clockwise or anticlockwise. Any description can be converted into
another equivalent description by means of a cyclic permutation of the T LT s
involved. For a given polygon, we choose that description which comes first in
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Fig. 8. All twelve general quadrilaterals of T LT 6; pulling or pressing a figure’s vertex
which is marked by the arrow deforms it to the next one to the right; the clockwise
triangle orientations starting in the upper left of the polygons are also depicted

the ordering with respect to the T LT numbers. Fig. 8 shows all distinguishable
quadrilaterals of T LT 6 by examples: all non-simple polygons are in the upper
row, the simple-concave polygons are in the middle row, and all convex polygons
are in the lower row.

4 T LT and the Triangle Orientation

The notion of T LT s is closely related to the approach of Schlieder, 1996, which
describes polygons by considering the triangle orientation of vertices. Both ap-
proaches are based on orientation information, and both describe polygons. We
should therefore compare these two approaches more thoroughly.

A triangle is defined by three points in the oriented plane. Its orientation is
defined as “+” if the path of the three points follows the mathematically positive
orientation, “0” if it is rectilinear, and “-” if it follows the negative orientation.
Let us consider the four hexagons of Fig. 9, which are adopted from Schlieder,
1996. These hexagons can be distinguished neither by the triangle orientation
of adjacent vertices nor by T LT s taking adjacent lines. Hence, both descrip-
tions treat these four shapes as though they were identical when tracing their
contours. In order to distinguish these shapes, Schlieder proposes to consider
additionally non-adjacent vertices. In this way, the four shapes can be distin-
guished using either approach. Below the shapes in Fig. 9 there are descriptions
of substructures, using which it is possible to distinguish the hexagons. The



110 Björn Gottfried

consideration of such substructures comprehends non-local shape information,
which is not available either from adjacent contour vertices or adjacent contour
lines. By non-local T LT s we mean T LT s which are made up of non-adjacent
vertices with respect to the given polygon.
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Fig. 9. Four hexagons which cannot be distinguished by their clockwise contour de-
scription beginning by vertex number 1: The triangle orientation (− + − − +−) and
T LT 6(9, 0, 0, 9, 0, 0) are equal for all shapes; but it is possible to distinguish these
shapes by the non-local substructures below the shapes

The question arises whether there are any differences between the two ap-
proaches. As shown in the lower row of Fig. 8, it is possible to distinguish different
convex quadrilaterals using T LT . Convexity can be defined as follows: circulat-
ing around a polygon and each time taking the triangle orientation of three
adjacent vertices, the sign of the orientation never changes. In this way it is pos-
sible to discriminate concave and convex shapes by the triangle orientation, but
the triangle orientation cannot be used to distinguish different convex quadri-
laterals. Thus, T LT is more expressive concerning the concept of convexity, and
also concerning non-simple and concave polygons as demonstrated in Fig. 8 and
as already shown by tripartite polygons, as for example T LT 6(8) and T LT 6(14)
in Fig. 10. But in order to prove that the triangle orientation is less expressive, it
must be demonstrated that every conceivable pair of point configurations which
differ with respect to their triangle orientation can be distinguished using T LT ,
too.

For this purpose, let us consider configurations with at least four points, as
depicted in Fig. 11.a. Two point configurations, C1 and C2, are different with
respect to the triangle orientation if there exists a line l defined by two points,
a and b, of C1 and C2, so that a third point p lies on one side of l regarding
C1 and on the other side regarding C2 (Fig. 11.a/b). In order to distinguish
two such configurations, we will construct one T LT for each configuration, and
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Fig. 10. T LT 6(8) and T LT 6(14) are equal regarding the triangle orientation
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Fig. 11. Two example configurations C1 and C2, and their discrimination by T LT

these T LT s will be different although they are based on the same points. In each
configuration we take a fourth point, q, and we assume that q is not coincident
with l. Then q lies either on the same side as p with respect to l (Fig. 11.b), or
it lies on the other side (Fig. 11.a). However, this is different for C1 and C2 since
only p lies on a different side in C1 than in C2. Therefore, we can distinguish
C1 and C2 using T LT s defined by the points p-a-b-q, because Same-Side is
satisfied for only one of the two configurations (Fig. 11.c/d). That is, for one
configuration it holds p-a-b-q ∈ {T LT 6(0), T LT 6(1), T LT 6(6)}, and for the
other configuration it holds p-a-b-q ∈ {T LT 6(8), T LT 6(9), T LT 6(14)}.

Note that in contrast to the triangle orientation, T LT 6 does not distinguish
configurations which are mirror symmetrical. In order to allow for this distinc-
tions we have to use T LT 36.

We have shown that T LT is more expressive than the triangle orientation.
Finally, we will contrast these two approaches by considering the reference frames
on which they are based. The triangle orientation requires the orientation of
the plane to be defined, and thus it is possible to distinguish the position of
any point in relation to the two sides of an oriented line. In contrast, T LT is
not based on any globally determined orientation, but defines a local frame of
reference with the medial line determining the first dimension and an imaginary
line determining the second dimension. The latter is defined as perpendicular to
the medial line. Relative to this local frame of reference the positions of points
are considered in two different ways. First, the endpoint of one sideline can be
positioned on either side of the medial line. Secondly, it can be positioned on
either side of the imaginary line in the second dimension. For this dimension
we define two half-planes by the imaginary line which orthogonally intersects
the endpoint of the medial line where the sideline under consideration meets
the medial line. This is just another way of stating that a sideline forms either
an acute angle or an obtuse angle with the medial line. By this means, both
dimensions in the two-dimensional plane are considered equally. It is not possible
to distinguish, for example, different convex polygons until the second dimension
is considered in this way.
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5 Stylised Curvature

One important shape property is the curvature of the boundary, as we have
already pointed out in section 2. Reasoning about shape curvature is relevant
to shape comparisons and to shape deformations. We will consider these issues
by defining a concept of curvature on the basis of T LT s. Before this, we will
examine some shape examples to illustrate the relationship between curvature
and T LT s. But first, we will show that polygons with almost no curvature, in
the sense of smooth curves, are particularly suitable for object categorisation.

5.1 Object Categorisation

Shapes can be approximated by polygons with different levels of accuracy. Thus,
the shape of an object-instance may be represented by different T LT descrip-
tions depending on the chosen level of granularity. Gottfried, 2002, concentrates
on coarse shape approximations, in order to demonstrate the applicability of
T LT to the problem of object categorisation.

Object categorisation is concerned with the characterisation of properties
common to most of the objects belonging to the same category. Such salient
properties are typically found in stylised shapes which only contain a minimum
of shape information. However, this is frequently specific enough to categorise
objects.

Salient properties are not related to the details of specific object-instances,
and different object-instances of the same category sometimes have only these
properties in common. Coarse approximations normally maintain salient, cate-
gory-specific features, while instance-specific details are omitted. In the case of
two-dimensional polygons, salient properties are based on tracks of lines con-
nected via combinations of acute and obtuse angles, that is, T LT combinations
describe salient parts of coarse polygonal approximations.

Subtle polygonal approximations do not represent salient properties so di-
rectly, but reflect curvature information more precisely.

5.2 Accurate Curvature versus Stylised Curvature

At first sight, curvature does not seem to be related in the slightest to polygonal
approximations - regardless of the level of granularity. Instead, the curvature at
an arbitrary point on a contour is defined, for example, as the reciprocal of the
radius of the circle approximating the contour of the shape at that point. By this
definition, polygons have no curvature, in consequence of the fact that they are
only made up of straight lines. Therefore, the question arises as to how T LT s
are related to curvature.

We argue that T LT defines a stylised concept of curvature, and that cur-
vature information is represented by two adjacent curvature extrema, i.e. two
successive angles on the polygonal contour. Instead of using single metrical
curvature-values at each contour point, we obtain spaciously curvature infor-
mation, expanded over more or less long contour segments. This becomes par-
ticularly important when dealing with shapes in large-scale spaces where one
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Fig. 12. Some examples of T LT 6(14)-contours

may lose track of things. In such cases, it is helpful to obtain an idea of the
overall shape or of single contour parts in a more comprehensible way.

5.3 Curvature by Examples

Just as stylised shapes are restricted to a minimum of shape information specific
enough to categorise objects, a stylised concept of curvature restricts itself to
a minimum of information specific enough to distinguish different curves. Any
T LT description represents stylised curvature information, and sometimes this
description allows us to comprehend the curve progression very well indeed.

For instance, consider polygons that consist only of successive T LT 6(14)-
segments. Such polygons are always bent to one side, and form circles or spirals.
In order to understand these tendencies of T LT 6(14)-line tracks, we must take
a closer look at T LT 6(14)-relations. The endpoints of such line tracks lie on the
same side with respect to the medial line, and both angles are obtuse. Therefore,
entwined T LT 6(14)-relations always make up a curved line which never changes
its local orientation. This constancy in orientation can be comprehended if we
imagine tracing a T LT 6(14)-contour with one finger without the need for wrig-
gling. The circle-like figures described by our finger may get larger or smaller,
but they always remain approximately like a circle or an ellipse. Fig. 12 shows
three examples: depending on precise length and angle information, we either
obtain circle-like figures, or snails where the lines become consistently shorter,
or loops where the lines vary in length and angle.

As a second example, we will consider polygons that consist only of T LT 6(6),
as shown in Fig. 13. With the exception of Same-Side, T LT (6) equals T LT 6(14).
As Same-Side does not hold for T LT 6(6), when tracing the contour our finger
constantly changes in orientation, if only slightly, and hence this is not as easy
as tracing a T LT 6(14)-contour. But the difference with T LT s which consist of
acute angles is far more considerable. Two examples of T LT 6(1)-contours are
shown in Fig. 14.

5.4 Local Curvature versus Global Curvature
As exemplified in Figs. 12 to 14, sometimes two shapes look quite different though
they are based on the same T LT s. Locally viewed, these shapes are absolutely
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Fig. 13. Two globally very different examples of T LT 6(6)-contours
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Fig. 14. Two examples of jagged T LT 6(1)-contours

similar. Two curves may only differ a little locally. But the longer the line tracks
are, the more such local differences accumulate into globally salient differences.
These global differences are the consequence of exploiting the T LT s’ degree of
freedom in different ways. Nevertheless, the overall curvature remains similar.

Locally similar but globally different shapes can be distinguished by using fur-
ther non-local T LT s, such as those applied in order to distinguish the hexagons
in Fig. 9. For example, T LT 6(9) is only obtainable in the closed figure on the
right in Fig. 13. Only those non-local T LT s which are made up of points that
adhere strictly to the order of vertices as given by the polygon clockwise or anti-
clockwise are allowed. Another possible way to distinguish the two shapes is to
relate each T LT to a global frame of reference, as we discussed when introducing
T LT 12.

The analysis of global shape properties is a rather complex topic. For the
time being, we will restrict the exploration of shape curvature to Quadripartite
Line Tracks.

5.5 Curvature of Quadripartite Line Tracks

So far, we have only considered the curvature of a number of special cases.
But we are interested in the general case of arbitrary T LT -combinations and
their curvature. The distinction between T LT 6(1)-shapes and T LT 6(6)-shapes
was made clear through comparisons, and we will now compare all conceivable
Quadripartite Line Tracks (QLT s). First, we define an order of curvature for
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single T LT s, and then the curvature for T LT -combinations will be inferable.
By means of this concept of curvature it is decidable which of two given QLT s
is more curved.

A possible order of curvature can be defined on the assumption that obtuse
angles are less curved than acute angles, and that secondarily T LT s which satisfy
Same-Side are less curved than T LT s for which Same-Side is not satisfied.
Starting from the least curved T LT , we obtain the following curvature-order:
T LT 6(14), T LT 6(6), T LT 6(8), T LT 6(0), T LT 6(9), and T LT 6(1). This order
determines the order of all QLT s which are depicted in Fig. 7. T LT 6(14, 14) on
the left in the second row is the least curved QLT , and T LT 6(1, 1) on the right
of the bottom row is the most curved.

5.6 Reasoning about Change in Curvature

In paragraph 3.3 we considered change in shape with the aid of the neighbour-
hood graph in Fig. 7. When moving from one QLT to a neighbouring QLT in
this graph, the curvature increases or decreases depending on the relations in-
volved. Note that transitions in the neighbourhood graph correspond to change
in shape, i.e. to single distortion steps.

Change in curvature can be different for the same number of distortion steps.
For example, moving from T LT 6(14, 14) to T LT 6(6, 14) a single distortion step
is taken, such as when moving from T LT 6(14, 14) to T LT 6(8, 14). But on the ba-
sis of our curvature-order, T LT 6(6, 14) is less curved than T LT 6(8, 14). There-
fore, we can search for a path in the neighbourhood graph which is composed of
the least curved transitions in order to transform one QLT into another one.

For instance, we may want to transform T LT 6(14, 14) into T LT 6(6, 8).
In this case, we would prefer the path via T LT 6(6, 14), since the path via
T LT 6(8, 14) is more curved. Note that we need both the neighbourhood graph,
in order to determine possible transitions, and the curvature-order, in order to
select from the set of possible transitions the one which optimally contributes
to the least curved path. In a similar manner, any two shapes can be compared
in terms of their curvature by analysing which shape describes the more curved
path in the neighbourhood graph.

5.7 Summary

We have established a stylised concept of curvature which can be used to char-
acterise shapes. This is especially interesting in the case of large-scale shapes
for which metrical characterisations are too precise and become unmanageable.
The concept of curvature presented here provides a concise and more manageable
characterisation. Sometimes computations have to rely on coarse approximations
because of a lack of precise information. The proposed concept of stylised cur-
vature information allows us to reason about such coarse curve approximations.
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6 Discussion

As the approach described here only considers orientation information, similar
shapes such as squares and rectangles cannot be distinguished since they exhibit
the same configuration in orientation. They are only different with respect to the
relative length of their sides. Nevertheless, the similarity between these shapes
may be represented by information about orientation, and since length cannot
be reduced to orientation information we assume it to be another fundamental
concept.

The question arises, to what extent applications are in need of concepts based
on polygonal structures. From a technical point of view, in most instances curves
have to be approximated using polygons. Cordella & Vento, 2000, reviewed
almost one hundred papers in the field of computer vision, and found that 58% of
the reviewed systems applied thinning techniques and polygonal approximations
to shapes. Furthermore, polygonal data are relevant to geographical information
systems and for representing trajectories, as in the context of navigation.

The use of polygons rather than smooth curves is less crucial than the de-
termination of the right level of granularity. It remains to be investigated what
kinds of relationships can be stated between different levels of granularity. More-
over, generalisations about arbitrary arrangements of lines have to be considered
in order to cope with disconnected shape parts as efficiently as with tracks of
lines. The application of T LT s will eventually show its usefulness. It has to be
investigated how appropriate T LT s are to solve tasks such as those mentioned
at the beginning of this paper. When performing grasping movements, for exam-
ple, precise boundary values are of no importance. But we have to get an idea
of the overall curvature of an object in order to be able to grasp it easily. The
same holds for circumventing obstacles. We only aim at finding a convenient way
to move around obstacles, and qualitative curvature information may alone be
sufficient to solve such tasks. In the context of vision, precise boundary informa-
tion about objects are not necessary either. Normally, we can recognise objects
even in bad environmental conditions such as twilight. Obviously, our recogni-
tion abilities effortlessly manage coarse curvature information and it remains to
be shown how descriptions restricted to qualitative curvature information are
sufficient to solve such tasks.

To sum up, we have proposed a qualitative description of polygons in two di-
mensions. In comparison with other approaches, T LT 6 defines a completely local
frame of reference and is more expressive in terms of distinguishable polygons,
since it considers two different sides for each dimension to be distinguished. In
this way, T LT 6 establishes orientation information which is especially suitable
to describing a stylised concept of shape curvature.
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