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Abstract. Qualitative Reasoning is characterised by making knowledge
explicit in order to arrive at efficient reasoning techniques. It contrasts
with often intractable quantitative models. Whereas quantitative mod-
els require computations on continuous spaces, qualitative models work
on discrete spaces. A problem arises in discrete spaces concerning transi-
tions between neighbouring qualitative concepts. A given arrangement of
objects may comprise relations which correspond to such transitions, e.g.
an object may be neither left of nor right of another object but precisely
aligned with it. Such singularities are sometimes undesirable and influ-
ence underlying reasoning mechanisms. We shall show how to deal with
singular relations in a way that is more closely related to commonsense
reasoning than treating singularities as basic qualitative concepts.

1 Introduction

In this essay we shall discuss problems arising by describing arrangements of ob-
jects qualitatively. We are concerned with the relations depicted in Fig. 1, which
have been introduced in [3]. We refer to the set of these relations as BA. The
relations in BA describe arrangements of intervals in the two-dimensional plane
qualitatively; they can be considered as the two-dimensional analogue of Allen’s
one-dimensional interval relations [1]. BA is distinguished from other qualitative
representations (cf. [2]) in that it comprises only disconnection relations. Rela-
tions between disconnected objects are of interest in a number of areas, mainly
when spatiotemporal interactions between objects are to be described. It could
be argued that connection relations are equally important. But there are no
connections, for example, between road-users in traffic, pedestrians walking in a
market square, sportsmen playing on a pitch, or generally between objects form-
ing patterns of spatiotemporal interactions. Sometimes the distances between
objects become very small, but they still remain detached from one another and
can generally change their orientation and position independently of other ob-
jects. We are simply interested in possible relations between objects that are not
connected.
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It is less a question of motivating the necessity of different disconnection
relations, than of restricting the relations to those in general positions. In BA
the endpoints of all intervals are in general positions. The examples on the right
of Fig. 1 show relations in singular positions. These correspond to special cases
in which intervals are precisely aligned with each other. But in BA there are
no such singular relations explicitly defined. For instance, there is no relation
between Fl and FOl which would correspond to an interval in which one end-
point is located exactly level with an endpoint of the other interval (see Fig.
1.(a)). The question arises as to how we deal with such singular arrangements,
in which one endpoint lies precisely at a location which marks the transition
between qualitative concepts, as between Fl and FOl. This is important, since
no possible arrangement of intervals should remain undefined. This is the issue
we are interested in.

2 Singular Relations

First of all we show why singular relations exist at all. A qualitative repre-
sentation is the result of an abstraction process, which can be regarded as the
partitioning of a continuous space into a number of equivalence classes. As a side-
effect of this, singularities emerge as transitions between neighbouring classes.
For example, the continuous space of interval arrangements in R2 can be con-
ceived as consisting of all metrically distinct interval arrangements. A special
abstraction of this continuous space distinguishes the relations of BA, in which
each equivalence class is a binary relation between two intervals. In the neigh-
bourhood graph in Fig. 1, the transition between two neighbouring classes marks
a singularity, for instance, between Fl and FOl. We refer to the interval relations
which fall into these transitions as singular relations. Fig. 1.(a) serves as an ex-
ample. An arbitrary small change in the position of one interval which forms a
singular relation with another interval transforms it in most cases into a general
relation. Such a small change applied to a general relation would not normally
change this relation.

We would like to argue that singular relations should not have the status of
basic relations in a qualitative representation. By contrast to BA, which com-
prises only 23 relations, there exist 226 relations when we additionally consider
singular relations [3] — a significant difference since all these relations need to be
distinguished when analysing and interpreting situations. More importantly, sin-
gular relations are somewhat misplaced in the context of qualitative reasoning.
We are not at all interested in whether objects are precisely aligned. We focus
on coarse relations between objects, which are simple to obtain and which allow
efficient commonsense reasoning. For instance, we want to know whether one
object is to the left of another one, whether it is moving in the same direction,
and the like. What distinguishes qualitative relations from metrical relations is
that they can be recognised easily by perception. However, this does not apply
to singular relations, which require precise measurements. We conclude that sin-
gular relations are not compatible with commonsense reasoning, although there
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Fig. 1. Left: Interval relations embedded in two dimensions; the vertical reference in-
terval is displayed bold. Middle: A mnemonic description; Right: Singular relations

are exceptions in those fields where singular relations are as easy to obtain as
general relations. For example, in the case of events we often know whether one
event follows another one directly: after the performance a reception is held in
the foyer; there is no time to go shopping between the performance and the
reception — these events meet in time.

2.1 Representing Singular Relations

Having said that singular relations are incompatible with the idea of common-
sense reasoning — more so in two dimensions than in one — we must show how
to deal appropriately with singular relations. We cannot simply exclude them,
since we need to represent every conceivable arrangement of intervals. One way
of dealing with them consists in assigning singular relations to similar general
relations. The singular relation in the first example could be assigned to Fl,
since there is only one point that is not actually in relation Fl; this may be an
appropriate solution in applications in which coarse reasoning is performed. But
when such a precise distinction matters we are outside the scope of qualitative
reasoning.

The second example, Fig. 1.(b), is more difficult to handle. If we regard this
arrangement as Dl then we are heading for a problem. What about the converse
relation? If it is regarded as Dr, then it holds for both intervals that each is
contained in the other one — a quite awkward situation. For this reason we
have to proceed as we do whenever we encounter indeterminate information in
any qualitative representation: by sets of possible relations. In Fig. 1.(b) we
would represent the singular relation by {Dl, Cl, FOl, BOl} and its converse by
{Dr, Cr, FOr, BOr}. In this way, we can deal with parallel intervals which are
equal in length. The representation does not seem to be very precise, but preci-
sion is exactly what we want to avoid in a qualitative representation. When can
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we be sure whether parallel lines really are equal in length? Only when we have
precise measuring tools. Isn’t there always a little uncertainty left when working
without such tools? At most we know that two lines in a given arrangement are
likely to be equal in length, but at the same time we also know that they may
be something else — something similar. Similar relations form a neighbourhood
in the BA-graph, and such neighbourhoods circumscribe the singular relations.
Accordingly {Dl, Cl, FOl, BOl} would seem to be quite an appropriate descrip-
tion of what we really know about two parallel lines which are probably equal in
length.
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Fig. 2. Singular relations defined by sets of general relations

Fig. 2 shows how singular relations are represented by sets of general rela-
tions. Only a quarter of all relations are depicted, since the other relations are
symmetrical to those in Fig. 2. As with the disconnection relations of BA, only
disconnected singularities are considered. Apparently connected singularities are
treated as apparently connected general relations, i.e. they are conceived as dis-
connected relations in which distances become arbitrarily short. Our knowledge
gets more uncertain near singular relations — this uncertainty is represented
by sets comprising a number of possible relations rather than only one relation.
In particular, if two endpoints are in singular positions then these sets consist
of three or four general relations, depending on whether the endpoints lie on
the same singularity, e.g. {Fl, Fm, Fr} in Fig. 2, or on different singularities, e.g.
{Dl, Cl, FOl, BOl}. By contrast, if there is only one endpoint in singular position
the sets consist of only two general relations. We observe that all singularities
are uniquely identified by this technique.

2.2 Reasoning with Singular Relations

How does this representation of singular relations affects reasoning processes?
Let us consider the example in Fig. 3. We assume that we know the relations

4



x

y

��
z

xy = {Fl, Fm}
yz = Fl

xz = xy ◦ yz

= {Fl, Fm} ◦ Fl

= Fl ◦ Fl ∪ Fm ◦ Fl

= {Fl, Fm, Fr} ∪ {Fr}
= {Fl, Fm, Fr}

x

y

��
z xy = Fm

yz = Fl

xz = xy ◦ yz

= Fm ◦ Fl

= Fr

Fig. 3. Transitivity with a singular relation (left), and without any singularity (right)

between x and y as well as those between y and z. For the position of y with
respect to x we write xy, and accordingly we write yz for the position of z
with respect to y. Our goal is to infer the relationship between z and x, i.e.
xz. We do this by the composition operation which was defined in [3]: for each
pair of general relations the transitivity relation is given. The left hand side of
Fig. 3 shows xy in singular relation; the composition result is indeterminate. In
comparison, the right hand side of Fig. 3 shows xy in general relation; here the
composition result is less indeterminate. Note that we assume that xz cannot be
perceived directly, as is actually the case in this figure.

3 Discussion

Hitherto qualitative representations have treated singular relations as being on
a par with general relations. This is useful in some areas, for example, in order
to distinguish whether an event happens before another event, or whether it
immediately follows (meets) another one [1]. We have argued that singular re-
lations are not as important as general relations in some applications, and that
they form a different sort of relation since they do not accord with common-
sense reasoning. Characterising singularities on the basis of neighbourhoods, we
have treated them as relations of second order rather than basic relations. As
a consequence, the endpoints of basic relations always lie in general positions.
Indeed BA forms a set of relations which covers all possible situations when
circumscribing singular relations by neighbourhoods of general relations — BA
leaves nothing undefined. This also holds for other qualitative representations.

To summarise, we have identified singularities as artefacts in qualitative rep-
resentations. They are problematic in some areas, in that they require precise
measurements whereas precision is normally avoided in qualitative reasoning.
We have outlined how to deal with singularities by means of sets of possible
relations, i.e. by defining singularities as sets of general relations.
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