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Abstract

In this paper we study traditional and enhanced BDD-based
exploration procedures capable of handling large planning
problems. On the one hand, reachability analysis and model
checking have eventually approached Al-Planning. Unfortu-
nately, they typically rely on uninformefdlind search. On

the other hand, heuristic search and especially lower bound
techniques have matured in effectively directing the explo-
ration even for large problem spaces. Therefore, with heuris-
tic symbolic search we address the unexplored middle ground
between single state and symbolic planning engines to estab-
lish algorithms that can gain from both sides. To this end
we implement and evaluate heuristics found in state-of-the-
art heuristic single-state search planners.

Introduction
One currently very successful trend in deterministic fully-

heuristiccomputes a distance value to the goal for each pair
of atoms. The underlying search algorithm is a weighted
version of A* (Pearl 1985) implementing a higher influence
of the heuristic by the cost of non-optimal solutions. Due
to the observed overhead at run-time, high-order heuristics
have not been applied yet.

HSP has inspired the planners GRT (Refanidis & Vla-
havas 1999) and FF (Hoffmann 2000) and influenced the de-
velopment of the planners STAN and MIPS. In AIPS-2000
the heuristic of GRT was too weak to compete with the im-
provements applied in HSP2 and in FF (for fast-forward
planning). FF solves a relaxed planning problem dor
ery encountered state in a combined forward! backward
traversal. Therefore, theF-Heuristicis an elaboration to
the HSP-Heuristi¢ since the latter only considers the first
phase. The efforts in computing a very accurate heuris-
tic estimate correlates with data in solving Sokoban (Jung-

automated planning is heuristic search. The search spacehanns 1999), which applies@(n®) estimate, and suggests
incorporates states as lists of instantiated predicates (alsothat even involved work for improving the heuristic pays
called atoms or fluents). The success of the heuristic search off, With enforced hill climbing=F further employs another
correlates with the quality of the estimate; the more in- search strategy and reduces the explored portion of search
formed the heuristic the better the achieved results. Heuris- space. |t makes use of the fact that phenomena like b|g
tic search planners have outperformed other approachespjateaus or local minima do not occur very often in bench-
on a sizable collection of deterministic domains. In the mark p|anning prob|ems_ STAN |Sahybr|d of two Strategies:
fully automated track of the AIPS-2000 planning compe- The GRAPHPLAN-based algorithm and a forward planner
tition  (http://www.cs.toronto.edu/aips2000 using a heuristic function based on the length of the relaxed
chaired by Fahim Baccus the System FF (by Hoffmann) plan (asin HSP and FF). STAN performs a domain analysis
was awarded for outstanding performance while HSP2 (by techniques to select between these strate@@eseric Types
Geffner and Bonet), STAN (by Fox and Long), and MIPS  automatically choose an appropriate algorithm for problem

(by Edelkamp and Helmert) were placed shared second.
Historically, the first heuristic search planner was
HSP (Bonet & Geffner 1999), which also competed in

AIPS-1998. HSP computes the heuristic values of a state
by adding (or maximizing) depth values for each fluent for
an overestimating (or admissible) estimate. These values

are retrieved from the fix point of a relaxed exploration.

Since the technique is similar to the first phase of building

the layered graph structure in GRAPHPLAN (Blum & Furst

1995), HSPr (Bonet, Loerincs, & Geffner 1997) extends the

approach by regression/backward search and excimndes
tuals similar to the original planning graph algorithm. In
the competition version HSP2 of the planner thax-pair
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instance at hand (Long & Fox 2000).

An orthogonal approach in tackling huge search spaces is
a symbolic representation of sets of states. The SATPLAN
approach by Kautz and Selman (Kautz & Selman 1996) has
shown that representional issues can be resolved by parsing
the planning domain into a collection of Boolean formulae
(one for each depth level). The system BLACKBOX (Kautz
& Selman 1999), a hybrid planner based on merging SAT-
PLAN with GRAPHPLAN, performed well on AIPS-1998,
but failed to solve as many problems as the heuristic search
planners on the domains in AIPS-2000. However, it should
be denoted that the results of SATPLAN (GRAPHPLAN)
are optimal in the number of sequential (parallel) steps,
while heuristic search planners tend to overestimate in or-
der to cope with state space size406° and beyond.



Although efficient satisfiability solvers have been de-
veloped in the last decade, the blow-up in the size of
the formulae even for simple planning domains calls for
a concise representation.
binary decision diagrams (BDDs) (Bryant 1985), an ef-
ficient data structure for Boolean functions. Through
their unique representation BDDs are effectively applied to
the synthesis and verification of hardware circuits (Bryant
1986) and incorporated within the area mibdel check-
ing (Burch et al. 1992). Nowadays BDDs are a funda-

mental tool in various research areas of computer science san-francisco)

and very recently BDDs are encountering Al-research topics
like heuristic searchEdelkamp & Reffel 1998) anglan-
ning (Giunchiglia & Traverso 1999). The diverse research
aspects ofraditional STRIPS plannin¢Edelkamp & Ref-
fel 1999),non-deterministic planningCimatti et al. 1997),
universal plannindCimatti, Roveri, & Traverso 1998), and
conformant planningCimatti & Roveri 1999) indicate the
wide range of BDD-related planning.

The planner MIPS (Edelkamp & Helmert 2000) uses
BDDs to compactly store and maintain sets of proposition-

This leads to reduced ordered

the directed approach BDDA*, its adaption to planning, and
its refinement fopure heuristic searchWe end with some
experimental data and draw conclusions.

BDD Representation

Let us consider an example of a planning problem.
A truck has to deliver a package from Los Ange-
les to San Francisco. In STRIPS notation the start
state is given by (PACKAGE package), (TRUCK
truck) , (LOCATION los-angeles) , (LOCATION
, (AT package los-angeles) ,
and (AT truck los-angeles) while the goal state
is specified bAT package san-francisco) . We
have three operator schemas in the domain, na®kD
(for loading a truck with a certain package at a certain loca-
tion), UNLOADthe inverse operation), afaRIVE (a cer-
tain truck from one city to another). The operator schemas
are expressed in form of preconditions and effects.

The precompiler to infer a small state encoding consists
of three phases (Edelkamp & Helmert 1999). In a first
constant predicategphase it observes that the predicates

ally represented states. The concise state representation iSPACKAGETRUCKand LOCATIONremain unchanged by

inferred in an analysis prior to the search and, by utiliz-
ing this representation, accurate reachability analysis and
backward chaining are carried out without necessarily en-
countering exponential representation explosion. MIPS was
originally designed to prove that BDD-based exploration
methods are an efficient means for implementing a domain-

independent planning system with some nice features, es-

pecially guaranteed optimality of the plans generated. If
problems become harder and information on the solution
length is available, MIPS invokes its incorporated heuris-
tic single state search engine (similar to FF), thus featur-
ing two entirely different planning algorithms, aimed to as-

sist each other on the same state representation. The othetruck)

two BDD planners in AIPS-2000, BDDPLAN (Holldobler
& Stor 2000) and PROPPLAN (Fourman 2000), lack the

precompiling phase of MIPS. Therefore, these approaches

were too slow for traditional STRIPS problems. Moreover,

a single state extension to their planners has not being pro-

vided. In the generalized ADL settings, however, PROP-
PLAN has proven to be effective compared with the FF ap-
proach, which solves more problems in less time, but fails to
find optimal solutions.

This paper extends the idea of BDD representations and
exploration in the context of heuristic search. The heuris-

the operators. In the nexnergingphase the precompiler
determines thaat andin should be encoded together,
since aPACKAGEan exclusively be at aOCATIONor
in a TRUCK By fact space exploratiorfa simplified but
complete exploration of the planning space) the following
fluents are generatedAT package los-angeles) ,
(AT package san-francisco) , (AT truck
los-angeles) , (AT truck san-francisco) ,
and (IN package truck) This leads to a total
encoding length of three bits. Using two biig and
z1 the fluents (AT package los-angeles) , (AT
package san-francisco) , and (IN package
are encoded with 00, 01, and 10, respectively,
while the variablex, represents the fluenf@T truck
los-angeles) and(AT truck san-francisco) .
Therefore, a Boolean representation of the start state is
given byzgo A Ty A T3 while the set of goal states is simply
formalized with the expressiafy A x;. More generally, for
a set of state§' the characteristic functionps(a) evaluates
to true if a is the binary encoding of one statein S. As
the formula for the set of goal states indicate, the symbolic
representation for a large set of states is typically smaller
than the cardinality of the represented set.
Since the satisfiability problem for Boolean formulae is

tic estimate is based on subpositions (called patterns) calcu- NP hard, binary decision diagrams are used to for their effi-
lated prior to the search. Therefore, the heuristic is a form cient and unique graph representation. The nodes in the di-
of a pattern database with planning patterns corresponding rected acyclic graph structure are labeled with the variables

to (one or a collection of) fluents. This heuristic will be inte-
grated into a BDD-based version of the A* algorithm, called
BDDA*. Moreover, we alter the concept of BDDA* foure
heuristic searchwhich seems to be more suited at least to
some planning problems. Thereby, we allow non-optimistic
heuristics and sacrifice optimality but succeed in searching
larger problem spaces. The paper is structured as follows.
First of all, we give a simple planning example and briefly
introduce BDDs basics. Thereafter, we turn to the explo-
ration algorithms, starting with blind search then turning to

to be tested. Two outgoing edges labeled andfalsedi-

rect the evaluation process with the result found at one of
the two sinks. We assume a fixed variable ordering on every
path from the root node to the sink and that each variable
is tested at most once. The BDD size can be exponential
in the number of variables but, fortunately, this effect rarely
appears in practice. The satisfiability test is trivial and given
two BDDsG'; andG, and a Boolean operatay, the BDD
G4 Can be computed efficiently. The most important op-
eration for exploration is theelational productof a set of



variablesy and two Boolean functiong andg. It is defined G by testing the identity ofbs, A ¢ with the trivial zero
as3dv (fAg). Since existential quantification of one variable function. Since we enumerates, ..., S;_; the iteration
x; in a Boolean functiory is equal to disjunctiorfz V f.,, index: is known to be the optimal solution length.
the quantification ob results in a sequence of subproblem Let Openbe the representation of the search horizon and
disjunctions. Although computing the relational product is Succthe BDD for the set of successors. Then the algorithm
NP-hard, specialized algorithms have been developed lead- can be realized as the pseudo-code Figure 2 suggests.
ing good results for many practical applications.

An operator can also be seen as an encoding of a

set. Thetransition relationT is defined as the disjunc- procedure Breadth-First Search

tion of the characteristic functions of all paifs’, x) with Opens— ¢4

2’ being the predecessor of For the example prob- do

lem, (LOAD package truck los-angeles) corre- Succ 3z’ (Open(z') AT (2, x))
sponds to the pain00]|0,10/0) and (LOAD package Open<« Succ

truck san-francisco) to (01/1,10/1).  Subse- while (OpenA ¢ = 0)

quently, theUNLOADpperator is given by10|0,00|0) and
(10/1,10]1). TheDRIVE action for the truck is represented
by the stringg00|x, 00|) (01|*, 01]*), and(10%, 10|x) with

x € {0,1}. For a concise BDD representation (cf. Figure 1)
the variable ordering is chosen that the set of variable in
andzx areinterleavedi.e. given in alternating order.

Figure 2: Breadth-first search implemented with BDDs.

This simulates a breadth-first exploration and leads to
three iterations for the example problem. We start with the
initial state represented by a BDD of three inner nodes for
the functionzg A T1 A Z3. After the first iteration we get a
BDD size of four representing three states and the function
(To A ZT1) V (ko A Ty A Tz). The next iteration leads to
four states in a BDD of one internal node fof, while the
last iteration results in a BDD containing a goal state.

Bidirectional Search

In backward search we start with the goal Bgtand iterate
until we encounter the start state. We take advantage of the
fact thatT has been defined as a relation. Therefore, we it-
erate according to the formutgg, (z') = 3z (ép, , (z) A
T(«',z)). In bidirectional breadth-first search forward and
backward search are carried out concurrently. On the one
hand we have the forward search frontlgrwith £, = {s}

and on the other hand the backward search froljewith

By = G. When the two search frontiers méét, A ¢, Z
Figure 1: The transition relation for the example problem. () we have found an optimal solution of lengtht b. With

For the sake of clarity, théalse sink has been omitted. the two horizon§OpenandbOpenthe algorithm can be im-
Dashed lines and solid lines indicate edges labtksgand plemented as shown in Figure 3.

true, respectively.

procedure Bidirectional Breadth-First Search

BDD-Based Blind Search fOpen«< ¢y, bOpen ¢
Let S; be the set of states reachable from the initial state do
in i steps, initialized bys, = {s}. The following equation if (forward)
determiness. given bothgs._, and the transition relation: Succe 3z’ (fOpen(z') AT (2!, x))
fOpen<+ Succ
¢Si (JZ) =3z (¢Si—1 (xl) A T(wla Jf)) else

Succ Jz (bOpen(x) AT (', z))
bOpen«+ Succ
while (fOpenA bOpen= 0)

The formula calculating the successor functionis a relational
product. A stater belongs taS; if it has a predecessaft in

the setS;_; and there exists an operator which transforms
z' into z. Note that on the right hand side of the equatjon . o ) )
depends on’ compared ta: on the left hand side. Thus, it Figure 3: Bidirectional BFS implemented with BDDs.

is necessary to substitutewith =’ in ¢ s, beforehand, which

can be achieved by a simple textual replacement of the node . .

labels in the diagram structure. In order to terminate the Forward Set Simplification

search, we successively test, whether a state is represented he introduction of a lisClosedcontaining all states ever

in the intersection of the sef; and the set of goal states  expanded is an apparent very common approach in single



state exploration to avoid duplicates in the search. The mem-
ory structure is realized as a transposition table. For sym-
bolic search this technique is calléatward set simplifica-
tion (cf. Figure 4).

procedure Forward Set Simplification
Closed« Open< ¢
do
Succ Jz’ (Open(z') AT (2", x))
Open«+ SuccA - Closed
Closed« Closedv Succ
while (OpenA ¢¢ = 0)

Figure 4: Symbolic BFS witlfiorward set simplification

The effect in the given example is that after the first iter-
ation the number of states shrinks from three to two while
the new BDD for(zg A T1 A z2) V (xg A Tr A T3) has
five inner nodes. For the second iteration only one newly
encountered state is left with three inner BDD nodes repre-
sentingzo A T1 A T3. Forward set simplification terminates
the search in case of a complete planning space exploration.
Note that any set in between the successoBsetand the
simplified successor s8ucc— Closedwill be a valid choice
for the horizonOpenin the next iteration. Therefore, one
may choose a sdt that minimizes the BDD representation
instead of minimizing the set of represented states. Without
going into details we denote that such image size optimizing
operators are available in several BDD packages (Coudert,
Berthet, & Madre 1989).

BDD-Based Directed Search

Before turning to the BDD-based algorithms for directed
search we take a brief look at Dijkstra's single-source short-
est path algorithmDijkstra for short, which finds a solution
path with minimal length within a weighted problem graph
(Dijkstra 1959).Dijkstra differs from breadth-first search in
ranking the states next to be expanded. A priority queue is
used, in which the states are ordered with respect to an in-
creasingf-value. Initially, the queue contains only the ini-
tial states. In each step the state with the minimum merit

procedure Symbolic-Version-of-Dijkstra
dOper(f, z) «— (f =0) A ggo(x)
0

fmin = mln{f | f A Open# w}
Min(z) < 3f (OpenA f = fuin)
Restf,z) «+ OpenA = Min
Sucgf, z) < Jz’',w (Min(z") A
T(w,2',z) A add( fuin, w, f))
Open+ RestVv Succ
while (OpenA ¢g = 0)

Figure 5. Dijkstra's single-source shortest-path algorithm
implemented with BDDs.

now reads as follows. The BDDpenis set to the repre-
sentation of the start state with value zero. Until we find a
goal state in each iteration we extraditstates with minimal
f-valuefunin, determine the successor set and update the pri-
ority queue. Successively, we compute the miniffiahlue
fmin, the BDD Min of all states in the priority queue with
value fmin, and the BDD of the remaining set of states. If
no goal state is found, the variable\iin are substituted as
above before the (weighted) transition relatiofw, «', =) is
applied to determine the BDD for the set of successor states.
To attach newf-values to this set we have to retain the old
f-value fuin and in order to calculat§ = fiin + w. Fi-
nally, the BDDOpenfor the next iteration is obtained by the
disjunction of the successor set with the remaining queue.

It remains to show how to perform the arithmetics using
BDDs. Since thef-values are restricted to a finite domain,
the Boolean functioradd with parameters:, b andc¢ can
be built beingtrue if ¢ is equal to the sum aof andb. A
recursive calculation addd(a, b, ¢) should be prefered:

adda,b,c)=((b=0)A (a=¢))V
3, (inc(d',b) A inc(d,e) A add(a,b',c)),

with inc representing all pairs of the forti i+1). There-
fore, symbolic breadth-first search can be applied to deter-
mine the fixpoint ofadd

f is dequeued and expanded. Then the successor states argleuristic Pattern Databases

inserted into the queue according to their newly determined
f-value. The algorithm terminates when the dequeued ele-
ment is a goal state and returns the minimal solution path.
As said, BDDs allow sets of states to be represented very
efficiently. Therefore, the priority queu®@pencan be repre-
sented by a BDD based on tuples of the foral(g state.
The variables should be ordered in a way which allows the
most significant variables to be tested at the top. The vari-
ables for the encoding afalueshould have smaller indices
than the variables encodirggate since this leads to small
BDDs and allows an intuitive understanding of the BDD and
its association with the priority queue.
Let theweighted transition relatiofl’ (w, z', x) evaluates
to 1 if and only if the step from’ to =z has costs (encoded
in binary). The symbolic version of Dijkstra (cf. Figure 5)

For symbolically constructing the heuristic function a sim-
plification 7" to the transition relation’ that regains
tractability of the state space is desirable. However, obvi-
ous simplification rules might not be available. Therefore,
in heuristic search we often consider relaxations of the prob-
lem that result in subpositions. More formally, a statis a
subpositiorof another state if and only if the characteristic
function ofu logically implies the characteristic function of
v,.0.,¢1,y =Tt Ax2 A3 ATq Azs andoy,y = z2 Ax3
results ing¢,,, = ¢1,3. As a simple example take the Man-
hattan distance in sliding tile solitaire games like the famous
Fifteen-Puzzle. It is the sum of solutions of single tile prob-
lems that occur in the overall puzzle.

More generally, aheuristic pattern data basi a col-
lection of pairs of the formvalug patterr) found by op-



timally solving problem relaxations that respect the subpo-
sition property (Culberson & Schaeffer 1996). The solu-

HSP-Heuristic: In HSP the values are recursively calcu-
lated by the formula(p) = min{h(p),1 + h(C)} where

tion lengths of the patterns are then combined to an overall h(C) is the cost of achieving the conjunct which in case

heuristic by taking the maximum (leading to an admissible
heuristic) or the sum of the individual values (in which case
we overestimate).

Heuristic pattern data bases have been effectively ap-

of HSPr is the list of preconditions. For determining the

heuristic the planning space has been simplified by omit-
ting the delete effects. The algorithms in HSP and HSPr are
variants of pure heuristic search incorporated with restarts,

plied in the domains of Sokoban (Junghanns 1999), to the plateau moves, and overestimation.

Fifteen-Puzzle (Culberson & Schaeffer 1996), and to Ru-
bik's Cube (Korf 1997). In single-state search heuristic pat-

The exploration phase to minimize the state description
length in our planner has been extended to output an estimate

tern databases are implemented by hash table, but in sym-h(p) for each fluenp. Since we avoid duplicate fluents in

bolic search we have to construct the estimator symollically,
only using logical combinators and Boolean quantification.

the breadth-firsfact-space-exploratignwith each encoun-
tered fluent we associate a depth by adding the value 1 to its

Since heuristic search itself can be considered as the mat-predecessor. The quality of the achieved distance values are

ter of introducing lower bound relaxations into the search
process, in the following we will maximize the relaxed so-
lution path values. The maximizing relationaxXa, b, c),
evaluates to 1 if is the maximum of: andb and is based on
the relationgreater, since

maxa, b, c) = (greatef(a,b) A (a =¢)) V
(—greater(a,b) A (b= c)).

The relationgreater(a, b) itself might be implemeted by
existential quantifying the add relation:

greatef(a,b) = 3t add(b, ¢, a)

Next we will find a way to automatically infer the heuris-
tic estimate. To combine fluent patterrpy, ..., p, with
estimated distanced,,...,d, to the goal we use, + 1
additional slack variables, ... ,t, which are existenially
guantified later on. We define subfunctiaiisof the form

Hi(ti,tiﬂ,state = (—| pi N (ti = ti+1))\/
(pi N max(d;,ti,tit1)),
with H;(t;,t;+1, State denoting the following relation: If
the accumulated heuristic value up to flué ¢;, then the
accumulated value including fluenis ¢; 1. Therefore, we

can combine the subfunctions to the overall heuristic esti-
mate as follows.

H(valuestate =3 t,...,t,
n—1

(to = 0) A H(tn,valuestatd A /\ H;(t;,tiy1,state.
=0

In some problem graphs subpositions or patterns might FF-Heuristic:

constitute a feature in which every position containing it is
unsolvable. Thesdeadlocksre frequent in directed search

problems like Sokoban and can be learned domain or prob-

lem specifically. Deadlocks are heuristic patterns with an
infinite heuristic estimate. Therefore, a deadlock tablg

is the disjunction of the characteristic functions according to
subpositions that are unsolvable. The integratiodedd-
lock tablesin the search algorithm is quite simple. For the
BDD for DT we assign the new horizddpenas

OpenA —(Open=- DT) = OpenA —DT.

The simplest patterns in planning are fluents. The esti-
mated distance of each single flugrb the goal is a heuris-
tic value associated with. We examine two heuristics.

not as good as in HSPr since we are not concerned about mu-
tual exclusions in any form. Giving the list of value/fluent
pairs a symbolic representation of the sub-relations and the
overall heuristic is computed.

In the example (AT ball los-angeles) and
(AT truck los-angeles) have distance 0 from
the initial state (AT truck san-francisco) (IN
ball truck) have a depth of one an(AT ball
san-francisco) has depth two. Figure 6 depicts the
BDD representation of the overall heuristic function.

Figure 6: The BDD representation for the heuristic function
in the example problem. In this case the individual pattern
values have been maximized.

FF solves the relaxed planning problem
(delete-facts omitted) with GRAPHPLAN on-line for each
state. For estimation FF builds the plan gratu extracts

a simplified solution by counting the number of instantiated
operators that at least have to fire Since the branching factor
is large (one state has up to hundreds of successors) by deter-
mining helpful actionsonly arelevantpart of all successors

is considered. The overall search phase is entélgdrced
hill-climbing. Until the next smaller heuristic value is found

a breadth-first search is invoked. Then the search process
iterates with one state evaluating to this value.

In our planner we have (re-)implemented the FF-approach
both to have an efficient heuristic single-state search en-
gine at hand and to build an improved estimate for symbolic
search. Since the FF approach is based on states and not on



fluents, we cannot directly infer a symbolic version of the
heuristic. We have to weaken the state-dependent charac-
ter of the heuristic down to fluents. Moreover, simplifying
the start state to a fluent may give no heuristic value at all,
since the goal will not necessarily be reached by the relaxed
exploration. Therefore, the estimate for each fluent is cal-
culated by partitioning the goal state instead. Since we get
improved distance estimates with respect to the initial state,
we obtain a heuristic for backward search. However this is
no limitation, since the concept of STRIPS operators can be
inverted, yielding a heuristic in the usual direction.

BDDA*

In informed searclwith every state in the search space we
associate a lower bound estimdte By reweighting the
edges the algorithm of Dijkstra can be transformed into A*.
The new weighip is set to the old one@ minus theh-value

of the source node’, plus the value of the target nodee-
sulting in the equatiod (z', ) = w(z', ) — h(z') + h(z).

The length of the shortest paths will be preserved and no new
negative weighted cycle is introduced (Cormen, Leiserson,
& Rivest 1990). More formally, if we denot¥s, g) for the
length of the shortest path frosito a goal statg in the orig-

inal graph, and?(s,g) the shortest path in the reweigthed
graph thenw(p) = (s, ¢) if and only if & (p) = (s, g).

The rank of a node is the combined valfie= g + h
of the generating path lengthand the estimaté. The in-
formationh allows us to search in the direction of the goal
and its quality mainly influences the number of nodes to be
expanded until the goal is reached.

In the symbolic version of A*, called BDDA*, the rela-
tional product algorithm determines all successor states in
one evaluation step. It remains to determine their values.
For the dequeued stai¢ we havef(z') = g(z') + h(z').
Since we can accegs but usually noy, the new valugf (z)
of a successar has to be calculated in the following way

f(x) = g(x) + h(z) = g(«') + w(z', ) + h(z) =

f@") +w(z',x) — h(z') + h(z).

The estimato#! can be seen as arelation of tupleal(ie
statg which istrue if and only if h(statd=value We as-
sume thatH can be represented as a BDD for the entire

procedure BDDA*
dOper(f, z) < H(f, ) A dpso(z)
o}

fmin = mln{f | f A (3p6n7é @}

Min(z) < 3f (OpenA f = fmin)

Restf,z) « OpenA - Min

Succf, z) « Jw, 2’ (Min(z') A T(w, z', z) A
In' (H(W',z') A3h (H(h,z) A
formula(h’, h, w, fmim f))))

Open+ Restv Succ

while (OpenA ¢¢ = 0)

Figure 7: A* implemented with BDDs.

BDDA* is O(f*?), with f* being the optimal solution
length (Edelkamp & Reffel 1998). In (a moderately diffi-
cult instance to) the Fifteen-Puzzle, the 4 version of the
well-known sliding-tile(n? —1)-Puzzles, a minimal solution
was found by BDDA* within 176 iterations. With a breadth-
first search approach it was impossible to find any solutions
because of memory limitations. Already after 19 iterations
more than 1 million BDD-nodes were needed to represent
more than 1.4 million states.

To find the minimal solution in the first problem to
Sokoban (6 balls) the BDDA* algorithm was invoked with
a very poor heuristic, counting the number of balls not on a
goal position. Breadth-first search finds the optimal solution
with a peak BDD of 250,000 nodes representing 61,000,000
states in the optimal number of 230 iterations. BDDA* with
the heuristic leads to 419 iterations and to a peak BDD of
68,000 nodes representing 4,300,00 states. Note that even
with such a poor heuristic, the number of nodes expanded by
BDDA* is significantly smaller than in a breadth-first-search
approach and their representation is more memory efficient.
The number of represented states is up to 250 times larger
than the number of BDD nodes.

Best-First-Search

A variant of BDDA*, calledSymbolic Best-First-Searcban
be obtained by ordering the priority queue only according to
the h values. In this case the calculation of the successor

problem space. The cost values of the successor set arerelation simplifies tdz' (Min(z') A T(z', z) A H(f, z)) as

calculated according to the equation mentioned above. The
arithmetics foformula(h', h, w, f', f) based on the old and
new heuristic value/{’ andh, respectively), and the old and
new merit (f' and f, respectively) are given as follows.

formuldhl, h, w, f’, f) =3 t1,t2 add(tl, h,, fl) A

add(tl, w, t2) A add(h, tg, f)
The implementation of BDDA* is depicted in Figure 7.

Since all successor states are reinserted in the queue we ex-

pand the search tree in best-first manner. Optimality and
completeness is inherited by the fact that given an optimistic
heuristic A* will find an optimal solution.

Given a uniform weighted problem graph and a con-
sistent heuristic the worst-case number of iterations in

shown in Figure 8. The old-value are replaced.

procedure Best-First-Search
Open— H(f,z) A ¢so
do
fmin = min{f | f A Opens 0}
Min(z) < 3f OpenA f = fmin
Restf,z) « OpenA — Min
Succ+ 3z’ Min(z') AT (2", z) N H(f,x))
Open+ Restv Succ
while (OpenA ¢g = 0)

Figure 8: Best-first search implemented with BDDs.



Unfortunately, even for an optimistic heuristic the algo-
rithm is not admissible and, therefore, will not necessarily
find an optimal solution. The hope is that in huge problem

the BDD structure with the proposed optimization is helpful
only in large problemsGripper is not a problem tdDD-
based search, whereas it is suprisingly hard for GRAPH-

spaces the estimate is good enough to lead the solver into PLAN.

a promising goal direction. Therefore, especially heuristics
with overestimizations can support this aim.

On solution paths the heuristic values eventually decrease.
Hence, Best-first search profits from the fact that the most
promising states are in the front of the priority queue, have
a smaller BDD representation, and are explored first. This
compares to BDDA* in which the combined merit on the so-
lution paths eventually increases. A good trade-off between
exploitation and exploration has to be found. In FF breadth-
first search for the next heuristic estimate consolidates pure
heuristic search for a complete search strategy.

Figure 9 depicts the different dequeued BDMm to-
gether with the encoded heuristic in the exploration phase
of Pure BDDA* for the example problem.

@5 h-value h-value h-value h-value
), by . B
@
| package ‘ package ‘ package | package
@ @ @ &
in SF v intruck 1 intruck 1 inLA
@ T @ .
truck in SF ' truck in LA | truckin LA

Figure 9: Backward exploration of the example problem in
Pure BDDA*. In each iteration step the BDMin with as-
sociatedh-value is shown. Note that when using forward
set simplification these BDDs additionally correspond to a
snapshot of the priority queu@pen

Experiments

From given results on the different heuristic search plan-
ners (Hoffmann 2000) it can be obtained that heuristics pay
off best in theGripper and thelLogisticsdomain.

Gripper

The effect of forward set simplification and optimization can
best be studied in the scalaligipper domain depicted in
Table £ When the problem instances get larger the addi-
tional computations pay off. I&ripper bidirectional search
leads to no advantage since due to the symmetry of the prob-
lem the climax of the BDD sizes is achieved in the middle
of the exploration. This is an important advantage to BDD-
based exploration: Although the number of states grows
continuously, the BDD representation might settle and be-
come smaller. The data further suggests that optimizing

1The CPU-times in the experiments are given in seconds on a
Linux-PC (Pentium I11/450 MHz/128 MByte).

Solution Length BFS +B +BF +BFO
1-1 11 0.00 0.01 0.01 0.01
1-2 17 0.01 0.01 0.02 0.02
1-3 23 0.02 0.03 0.02 0.02
1-4 29 0.03 0.03 0.04 0.04
1-5 35 0.04 0.04 0.07 0.07
1-6 41 0.06 0.06 0.08 0.08
1-7 47 0.08 0.08 0.11 0.14
1-8 53 0.12 0.13 0.19 0.20
1-9 59 0.35 0.36 1.33 1.58
1-10 65 0.72 1.93 2.06 2.15
1-11 71 1.27 2.33 2.36 2.43
1-12 77 1.95 3.21 3.05 3.13
1-13 83 2.80 3.91 3.48 3.49
1-14 89 3.80 5.04 4.28 4.36
1-15 95 4.93 6.26 5.29 5.43
1-16 101 6.32 7.21 6.41 6.07
1-17 107 7.72 8.94 7.26 7.52
1-18 113 9.82 | 10.91 8.65 8.61
1-19 119 | 24.73 | 26.11 | 15.28 | 15.35
1-20 125 | 34.59 | 36.73 | 20.41 | 20.08

Table 1: Solution lengths and computation times in solving
Gripper with breadth-first bidirectional search, forward set
simplification and optimization? abbreviategidirectional
search O denotes BDD imageptimization and F' is for-
ward set simplification

Logistics

Due to the first round results in AIPS-2000 it can be deduced
that FF's, STAN's and MIPS's heuristic single search en-
gine are state-of-the-art in this domain, but Logistics prob-
lems turn out to be suprisingly hard for BDD exploration
and therefore a good benchmark domain for BDD inven-
tions. For example Jensen's BDD-based planning system,
called UMORP, fails to solve any of the AIPS-1998 (first-
round) problems (Jensen & Veloso 2000) and breadth-first
search inMIPS yields only two domains to be solved op-
timally. This is due to high parallelism in the plans, since
optimal parallel (Graphplan-based) planners, like IPP (by
Kbohler), Blackbox (by Kautz and Selman), Graphplan (by
Blum and Furst), STAN (by Fox and Long) perform well
on Logistics. Note, that heuristic search planners, such as
(parallel) HSP2 with an IDA* like search engine loose their
perfomance gains when optimality has to be preserved.
With best-first-search and the FF-Heuristic, however, we
can solve 11 of the 30 problem instances. The dauting prob-
lem is that — due to the large minimized encoding size of
the problems — the transition function becomes too large
to be build. Therefore, the Logistics benchmark suite in
the Blackboxdistribution and in AIPS-2000 scale better. In
AIPS-2000 we can solve the entire first set of problems with
heuristic sybolic search and Table 2 visulizes the effect of



best-first search for theogisticssuite of theBlackboxdistri- returns with failure, we are not done, since the set of goal
bution, in which all 30 problems have encodings of less than states according to the minimum may not be reachable.
100 hits. We measured the time, and the length of the found ] ]

solution. HZSP and HSP abbreviate best-first search ac- ~ Planning as Model Checking

cording to theaddand themaxrelation in the HSP-heuristic, =~ The model checking problem determines whether a formula
respectively.H: ), and HL L are defined analogously. The s true in a concrete model and is based on the following
depicted times are not containing the efforts for determining issues (Giunchiglia & Traverso 1999):

the heuristic functions, which takes about a few seconds for 1 A domain of interest (e.g, a computer program or a reac-

each problem. Obviously, searching with thexHeuristic tive system) is described by a formal model.

achieves a better solution quality, but on the other hand it 2. A desired property of finite domain (e.g. a specification

takes by far more time. The data indicates that on average™ of a program, a safety requirement for a reactive system)
theFF-Heuristicleads to shorter solutions and to smaller ex- ofa program, y require X ySt
is described by a formula typically using temporal logic.

ecution times. This was expected, since the average heuris- i o .
tic value per fluent irH¥'F" is larger than inH 5% | e.g. in 3. The fact that a domain satisfies a desired property
the first problem it increases from 2.96 to 4.43 and on the (€. g. that a reactive system never ends up in a danger-
whole set we measured an average increase of 41.25 % for 0Us state) is determined by checking whether or not the

the estimate. formula s true in the initial state of the model.
- tep . . The crucial observation is that exploring (deterministic
BFS Hoda Hypaa Haaa Hpan or non-deterministic) planning problem spaces is in fact a

model checking problem. In model checking the assumed

1|25 0661 30 006)25 105|380 092)25 0491 geryre is described as a Kripke struct(i, Wy, T, L),

2| 24 121 27 533 | 24 129 | 31 1.27 | 26 3.52 . L L.

3| . | 20 230! 26 3s98| 28 118| 26 3022 whereW is the set of stated}/; the set of initial states]’

4 59 653| 52 3710| 50 349| 52 2274| thetransition relation and a labeling function that assigns

5| - | 52 s564| 42 as6|s1  311| 43 341| 1toeach statethe setof atomic propositions which evaluate to
6|42 72| 63 722|851 e718| 64 245| 52 1137| truein this state. The properties are usually stated in a tem-
7| - - | 8 1489 - - |80 1187| - - poral formalism like linear time logic LTL (used in SPIN) or

8 84 19.14| - - |8 1505 - - branching time logic CTL eventually enhanced with fairness
9 84 1307 - -| 80 894 - - constraints. In practice, however, the characteristics people
10 47 1393| 40 484| 45 815| 40 421 | mainly try to verify are simple safety properties expressible
1 5410101 - S| %2 T30y - - | in all of the logics mentioned above. They can be checked
i; 3; 1:12 ; ; 32 g'gg : | throughasimple calculation of all reachable states. An itera-
1 24 1sesl| - | sz 1336 tive calculation of Boolean expressions has to be performed
15 61 17.16 68 1008 to verify the formulaEF Goalin the temporal logic CTL

30 580| 49 719 41 464| 46 278| 40 173| Whichis dual to the verification oAG —Goal. The com-
43 277 | 51 9.97 | 43 3.91| 50 2.60 | 43 3.38 putation ofa(mlnlmal) witness delivers a solution. BDD-

o
N o

18 56 2153 - - |54 1576| - based planning approaches are capable of dealing with non-
19 53 12.85| - - |57 8o01| - - deterministic domains (Cimatti, Roveri, & Traverso 1998;
20 101 2042 - - | 95 1358 - - Ferraris & Guinchiglia 2000). Due to the non-determinism
21 73 16.16| - - | 69 1047 - - the authors refer to plans as complete state action tables.
22 94 1845 - - | 87 1454 - - Therefore, actions are included in the transition relation, re-
23 721395 - e | sulting in a representation of the forfi{e, z', z). The con-

;‘5‘ ;g ii;i ] ] ZZ Z'gg cept ofstrong cyclic planexpresses that from each state on
26 60 1423| - ler oss a path a goal state is eventually reachable.

27 1 15.31 - - 12.72 - - .

28 27 ;fS ] ] 28 23.74| - ) Conclusion and Outlook

29 51 2158 - -| 52 16870 - - Symbolic breadth-first search and BDDA* have been ap-
30 59 1341] - -1 59 961 - - plied to the areasearch(Edelkamp & Reffel 1998) and

) o , . model checkindReffel & Edelkamp 1999). The experi-
Table 2: Solution lengths and computation times in solving  ments in(heuristic) searctindicate the potential power of
Logistics with best-first search. the symbolic exploration technique (in Sokoban) and the
lower bound information (in the Fifteen Puzzle). imodel

The backward search component - here applied in the re- checkingwe encounter a real-world problem of finding er-
gression space (thus corresponding to forward search in pro-rors in hardware devices. BDD sizes of 25 million nodes
gression space) is used as a breadthtfirget enlargement reveal that even with symbolic representations we operate at
With higher search tree depths this approach definitely prof- the limit of main memory. However, this study of domain
its from the symbolic representation of states. independenplanningproves the generality of BDDA*,

In best-first-search forward simplification is used to avoid The BDD representation of the space allows to reduce the
recurrences in the set of expanded states. However, if the setplanning problem to model checking: reachability analysis
of reachable states from the first bucket in the priority queue verifies the formul&F Goalin the temporal logic CTL.



The directed BDD-based search techniques bridge the gap
between heuristic search planners and symbolic methods.
Especially, best-first search and the FF-heuristic seem very
promising to be studied in more detail and to be evaluated
in other application areas. Due to off-line computation and
restriction to one atom in the planning patterns, the sym-
bolic HSP- and FF-heuristics are not as informative as their
respective single-state correspondants in FF and HSP2, but,
nevertheless, lead to good results.

The extension of the approach to planning patterns with
more than one encoded atom is challenging. One possibility
is a regressive breadth-first exploration through an abstrac-
tion of the state-space to build a pattern-estimate data-base.
In (Edelkamp 2001) we show how this approach leads to a
very good admissible estimate in explicite search. We have
experimented with an extension to theax-pair heuristic
with a weighted bipartite minimum-matching, but explicite
pattern data bases lead to better results. Together with the
wide range of applicability, we expect that with the same
heuristic information a symbolic planner is competitive with
a explicite one if at least moderate-sized sets of states have to
be explored. In future we will also consider other symbolic
heuristic search algorithms such@gmbolic Hill-Climbing
andSybolic Weighted A*
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